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The paper deals with the interaction of a pair of outer cracks on a central crack situated at the interface of two dissim-
ilar orthotropic half-planes. The mixed boundary value problem is reduced to solving a pair of simultaneous singular inte-
gral equations which have ﬁnally been solved numerically by using Jacobi polynomials. The analytical expressions for
stress intensity factors at the central crack tip and the expression of the strain energy release rate have been derived for
general loading. Numerical values of the interaction eﬀects of the outer cracks on the central crack have been calculated
through stress magniﬁcation factors. It is seen that the interaction eﬀects are either shielding or ampliﬁcation depending on
the size of the outer cracks and their spacing from the central crack.
 2007 Published by Elsevier Ltd.
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In recent years there is an increasing interest in studying the eﬀect of imperfections or ﬂaws at the interface
of bonded dissimilar materials due to their practical importance in designing engineering structures and
machines. It is an extremely signiﬁcant matter that one would regard the ﬂaws or cracks as harmless or dan-
gerous which seriously aﬀect the corresponding structural integrity. Further, from mathematical point of view,
since the nature of stress singularities for a crack embedded in a homogeneous medium and for an interface
crack is diﬀerent, there is no smooth transition from one solution to other as the crack distance from the inter-
face goes to zero. In the above context this area, therefore, requires a great deal of attention.
Problems of interfacial Griﬃth crack in bonded isotropic elastic materials were considered by Rice and Sih
(1965), Erdogan and Gupta (1971), Lowengrub and Sneddon (1973), Dhaliwal and Singh (1977), Dhaliwal
et al. (1992) and many others. Interfacial crack problems in orthotropic media had been considered by0020-7683/$ - see front matter  2007 Published by Elsevier Ltd.
doi:10.1016/j.ijsolstr.2006.10.024
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media by Wang and Choi (1983), Qu and Basani (1993), etc.
Recently, Das and Patra (2005) have solved a pair of cracks situated at the interface of two orthotropic
strips. But problem of three interfacial Griﬃth cracks at the interface of two dissimilar orthotropic media
has not yet been done. The crack initiation and the crack arrest and also the mathematical modeling of ﬁnding
the protection of the composites from the failure have tremendous applications in mechanical and material
sciences. The engineers will be beneﬁted for fabrication of equipment and of taking the predictive measure
for their failure. For ﬁnding the stress intensity factors and strain energy release rate the two-dimensional
problem is reduced to a pair of singular integral equations which are ultimately solved numerically by using
the technique described by Das and Patra (1996). The interaction of outer cracks on the central crack has been
calculated through stress magniﬁcation factors. As example the authors have chosen the speciﬁc pair of mate-
rials a-Uranium and Beryllium. Various authors Dhaliwal et al. (1990), He et al. (1992), Das and Patra (1996),
Mukherjee and Das (2005) etc., have considered the same material composition while dealing with problems
of fracture in composite materials, probably due to its serious engineering applications. Because of its light-
weight and strength, Beryllium is of immense interest in spacecraft applications. Pure beryllium material is
used in the manufacture of aircraft disc brakes, nuclear weapons and reactors, missile parts, heat shields,
X-ray machine parts, mirrors and spacecrafts (Norris, 1962; Oak Ridge National Laboratory, 1997). Urani-
um, because of its very high-density, is used (besides in reactors) as armour plate for tanks and counter weights
in commercial airplanes (Hornbostel, 1991; Cohen et al., 2003). It may be thought that because of great con-
trast in their properties, an analysis using Beryllium and Uranium would be of great interest for setting lim-
iting case examples. Electrical resistivity, magnetic susceptibility and speciﬁc heat data reveal that UBe13
(Uranium–Beryllium-13) is superconducting below 0.85 K. The superconducting state appears to be extremely
stable with an initial slope of the temperature derivative of the critical ﬁeld (Ott et al., 1983; Schmiedeshoﬀ
et al., 1996).
For this pair of materials, the interaction eﬀect of the outer cracks on the central crack has been found to be
a mixture of ampliﬁcation and shielding depending on crack size and crack separation. Although, this obser-
vation is new for the present problem but it was also observed by many authors while dealing with macro-mi-
cro crack interaction (see, Rose, 1986; Misra and Sukere, 1991; Das, 2002; Roy and Saha, 1995 etc.).
Numerical calculations for some particular cases have been carried out with Mathematica software and pre-
sented graphically.
2. Formulation of the problem
In what follows, the quantities with subscripts i = 1, 2 refer to those for the half-planes 1 and 2, respective-
ly. Under the assumption of plane strain in an orthotropic medium, equations of equilibrium for the displace-
ment ﬁelds areCðiÞ11
o2uðiÞ
ox2
þ CðiÞ66
o2uðiÞ
oy2
þ CðiÞ12 þ CðiÞ66
  o2vðiÞ
oxoy
¼ 0; and ð1Þ
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¼ 0 ð2Þwhere CðiÞjk , i = 1, 2 are elastic constants of the half-planes 1 and 2.
The stress displacement relations arerðiÞxx ¼ CðiÞ11
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Fig. 1. Geometry of the problem.
S. Mukherjee, S. Das / International Journal of Solids and Structures 44 (2007) 5437–5446 5439It is assumed that the cracks now deﬁned by jxj 6 a, y = ±0 and b 6 jxj 6 c, y = ±0 (Fig. 1) are opened by
internal tractions p1(x) and p2(x) in such a way as to guarantee the requirements of the symmetry.
Then the boundary conditions at the interface y = 0 arerð1Þyy x; 0ð Þ ¼ rð2Þyy x; 0ð Þ ¼ p1 xð Þ; x 2 L; ð6Þ
rð1Þxy x; 0ð Þ ¼ rð2Þxy x; 0ð Þ ¼ p2 xð Þ; x 2 L; ð7Þ
rð1Þyy x; 0ð Þ ¼ rð2Þyy x; 0ð Þ; x 2 L0; ð8Þ
rð1Þxy x; 0ð Þ ¼ rð2Þxy x; 0ð Þ; x 2 L0; ð9Þ
uð1Þ x; 0ð Þ ¼ uð2Þ x; 0ð Þ; x 2 L0; ð10Þ
vð1Þ x; 0ð Þ ¼ vð2Þ x; 0ð Þ; x 2 L0; ð11Þ
where; L ¼ ðc;bÞ [ ða; aÞ [ ðb; cÞ ð12Þand L 0 is the complement of L in (1,1).
In addition, all components of stress and displacement vanish at remote distance from the cracks.
3. Solution of the problem
An appropriate integral solution of (1) and (2) is taken asuðiÞðx; yÞ ¼
Z 1
0
AðiÞðs; yÞ sin sx ds; ð13Þ
vðiÞðx; yÞ ¼
Z 1
0
BðiÞðs; yÞ cos sx ds; ð14Þwhere A(i) and B(i) for the half-planes 1 and 2 are given byAðiÞ s; yð Þ ¼ AðiÞ1 ðsÞ eð1Þ
icðiÞ
1
sy þ AðiÞ2 ðsÞ eð1Þ
icðiÞ
2
sy ; ð15Þ
BðiÞ s; yð Þ ¼ ð1Þi BðiÞ1 ðsÞ eð1Þ
icðiÞ
1
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sy
h i
ð16Þin which cðiÞ1 , c
ðiÞ
2 ð< cðiÞ1 Þ are the positive roots of the equation
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c2 þ CðiÞ66 CðiÞ11 ¼ 0 ð17ÞThe nature of the roots depends on the values of the elastic constants Cij. It can be shown for many materials
the roots are real and positive. It is true that for some other materials the roots may be complex conjugates in
which cases the formulation requires further modiﬁcation to ensure real displacements and stresses that vanish
at remote distances from the crack region (Kassir and Bandyopadhyay, 1983). But such question of modiﬁ-
cation does not arise here, as it has been found the roots to be real and positive for the materials chosen here.
Here, AðiÞj ðsÞ (i = 1, 2 and j = 1, 2) are arbitrary functions and BðiÞj ðsÞ are related to AðiÞj ðsÞ byBðiÞj ¼ 
aðiÞj
cðiÞj
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where bðiÞj ¼ aðiÞj þ cðiÞj
h i2
; i ¼ 1; 2; j ¼ 1; 2 ð22ÞBoundary conditions (6) and (8) give rise togð1Þ1 A
ð1Þ
1 þ gð1Þ2 Að1Þ2 ¼ gð2Þ1 Að2Þ1 þ gð2Þ2 Að2Þ2 ; ð23Þ
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1
s
Z
L
f2ðtÞ sin st dt ð36Þwhere f1(t) is an even function of t and f2(t) is an odd function of t. It is observed that (35) and (36) are iden-
tically satisﬁed under the conditionsZ
L
fiðtÞ dt ¼ 0 ð37Þwhere L is given by (12)
Now from (35) and (36), Að1Þj ðsÞ, j = 1, 2 are calculated asAð1Þ1 ðsÞ ¼
W 22
s
Z
L
f1ðtÞ cos st dt W 12s
Z
L
f2ðtÞ sin st dt ð38Þ
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s
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L
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Z
L
f1ðtÞ cos st dt ð39Þwhere,W 11 ¼ x11x11x22  x12x21 ; ð40Þ
W 12 ¼ x12x11x22  x12x21 ; ð41Þ
W 21 ¼ x21x11x22  x12x21 ; ð42Þ
W 22 ¼ x22x11x22  x12x21 ; ð43ÞNow substituting the values of Að1Þj ðsÞ from (38) and (39) in the boundary conditions (6) and (7), the following
singular integral equations, for the determination of the unknown functions f1(t) and f2(t), we obtain,a1f1ðxÞ þ 1pb1
Z a
a
f2ðtÞ dt
t x þ
2
pb1
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2
p
p2ðxÞ for jxj < a; b < jxj < c ð45Þ
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; ð49ÞAs a1, b1, c1 and d1 depend on the material constants, the signs of these quantities are all positive and then (44)
and (45) can be expressed as/kðxÞ þ
1
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a
/kðtÞ dt
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2
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b
/kðtÞ dt
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p
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p
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ð53ÞNow setting, xa ¼ X , and ta ¼ T , Eq. (50) becomes/kðX Þ þ
1
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1
/kðT Þ dT
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2
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Z c=a
b=a
/kðT Þ dT
T X ¼ gkðX Þ; 1 < X < 1;
b
a
< X <
c
a
ð54Þ4. Solution of the integral equations
The solution of the integral equations in (50) may be assumed as Erdogan and Gupta (1971) in terms of
Jacobi polynomials P ðak ;bkÞn ðX Þ as follows:/kðX Þ ¼ wkðX Þ
X1
n¼0
CknP ðak ;bkÞn ðX Þ; ð55Þwhere the weight function wk(X) = (1  X)ak (1 + X)bk, ak = 1/2 + iwk, bk = 1/2  iwk, wk = wrk, k = 1,2,
w ¼ 1
2p ln
1þe
1e
		 		, and Ckn are unknown constants. By virtue of (37), we haveCk0 ¼ 0; k ¼ 1; 2: ð56Þ
Using the result1
pi
Z 1
1
wkðT Þ P ðak ;bkÞn ðT Þ
dT
T X
¼ erkwkðX Þ P ðak ;bkÞn ðX Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e2
p
2i
P ðak ;bkÞn1 ðX Þ; 1 < X < 1;
¼ ð1 erkÞ wkðX Þ P ðak ;bkÞn ðX Þ  G1knðX Þ

 
; jX j > 1;where G1kn is the principal part of wkðX ÞP ðak ;bkÞn ðX Þ at inﬁnity, the integral Eqs. (54) with the aid of (55) give rise
to
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where gkj ¼
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gkðX Þx1k ðX Þ P ðak ;bkÞj ðX Þ dX ð60ÞThe stress intensity factors near the crack tip x = a may be calculated asﬃﬃﬃﬃ
b1
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r
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CknP ðak ;bkÞn ð1Þ ð61Þand the stress magniﬁcation factors MI and MII at the crack tip x = a are deﬁned by M I ¼ KIK
I
, M II ¼ KIIK
II
where
KI and K

II are the mode I and mode II stress intensity factors at the crack tip x = a, due to the presence of
central crack only, which are given in Mukherjee and Das (2005).KI=ap ¼ 1; ð62Þ
KII=ap ¼
1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b1c1
a1d1
r
ln
1þ e
1 e
				
				 ð63Þ
when the cracks are opened by constant pressure p1(x) = p and p2(x) = 0.
The strain energy release is calculated as Erdogan and Wu (1993)G ¼ e
2
b1
a1
K2I þ
d1
c1
K2II
 
ð64Þ5. Numerical results and discussion
In this section we demonstrate the interaction problem considered here through a numerical example.
Numerical calculations are carried out for the materials a-Uranium and Beryllium having the elastic moduli
(1011 dynes/cm2) given in the following table Hearman (1961),C11 C22 C66 C12a-Uranium 21.47 19.36 7.43 4.65 (half-plane 1)
Beryllium 31.48 36.49 11.24 8.88 (half-plane 2)Fig. 2 shows the variation of mode I stress magniﬁcation factor with change in the crack separation
between the central crack and the outer cracks. This ﬁgure reveals that mode I stress intensity factor of the
central crack experiences a shielding eﬀect due to the presence of the outer cracks, the eﬀect being maximum
when the crack separation is minimum (one-tenth of the main crack size). As the outer cracks become smaller
and smaller in length together with simultaneous increase in the crack separation, the shielding eﬀect gradually
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1
1.2 1.35 1.5 1.65 1.8 1.95
b
M
I
Fig. 2. Plot of MI vs. b (at a = 1, c = 2).
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the main crack size, the shielding is about 67% whereas when outer micro-cracks are one-twentieth of the main
crack size and crack separation is nine-twentieth of the main crack size the shielding is about 50%.0
0.5
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Fig. 3. Plot of MII vs. b(at a = 1, c = 2).
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Fig. 4. Plot of G/ap2 vs. b(at a = 1, c = 2).
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and simultaneous change in outer micro-crack size. This ﬁgure reveals that now the eﬀect is that of ampliﬁ-
cation. Although the amount of ampliﬁcation initially diminishes with increase in crack separation and
simultaneous decrease in outer micro-crack size, but now it is observed that when the micro-crack size is
one-twentieth of the central main crack size and the crack separation is 45.5% of the main crack size the
shielding eﬀect started and it increases and goes on increasing with the decrease in the micro-crack size and
with the increase in crack separation.
Fig. 4 shows the variation of strain energy release rate with change in micro-crack size and simultaneous
change in crack separation. It is observed from the ﬁgure that strain energy release rate increases with decrease
in the outer crack size.6. Conclusion
An interfacial crack problem with three collinear interfacial Griﬃth cracks between two dissimilar Ortho-
tropic media has been solved and numerical computation has been done with a pair of composite materials,
namely a-Uranium and Beryllium as an example. The illustrations reveal that for such pair of materials, the
presence of neighbouring cracks need not only amplify the stress intensity factors at the central crack tip but
also may shield the stress intensity factors depending on the relative positions and sizes of the cracks. If the
size of the outer crack is smaller in comparison with the central crack then there is a possible crack arrest at
speciﬁc location. But as the size of the outer crack increases i.e., the crack separation distance decreases, the
propagation tendency of the outer crack towards the central crack gradually increases due to the increase of
ampliﬁcation. This observation is new to the authors’ knowledge and may be interesting to the engineers for
its various engineering applications.Acknowledgement
The authors express their sincere thanks to the referees for their valuable suggestions for the improvement
of the paper.References
Cohen, Y.K., Hoa, S.V., Tsai, S.W., Gay, D., 2003. Composite Materials: Design and Applications. CRC Press I.I.C, Boca Raton, FL.
Das, S., 2002. Interaction between line cracks in an orthotropic layer. Int. J. Math. & Math. Sci. 29, 31–42.
Das, S., Patra, B., 1996. Moving Griﬃth crack at the interface of two bonded dissimilar orthotropic half planes. Engng. Fract. Mech. 54,
523–531.
Das, S., Patra, B., 1998. Stress intensity factors for moving interfacial crack between bonded dissimilar ﬁxed orthotropic layers. Comput.
Struct. 69, 459–472.
Das, S., Patra, B., 2005. Pair of collinear interface cracks between dissimilar just orthotropic layers. IJCCSE 1, 65–77.
Dhaliwal, R.S., Singh, B.M., 1977. Proceedings of the 14th Annual Meeting, Society of Engineering Science, Lehigh University, p. 779.
Dhaliwal, R.S., He, W., Saxena, H.S., 1992. A moving Griﬃth crack at the interface of two dissimilar elastic layers. Engng. Fract. Mech.
43, 923–939.
Dhaliwal, R.S., Saxena, H.S., Rokne, J.G., 1990. Elasticity: Mathematical Methods and Applications. The I.N. Sneddon 70th Birthday
vol., Ellis Horwood, pp. 59–86.
Erdogan, F., Gupta, G., 1971. Layered composits with an interface ﬂaw. Int. J. Solids Struct. 7, 1089–1107.
Erdogan, F., Wu, B., 1993. Interface crack problems in layered orthotropic materials. J. Mech. Phys. Solids 41, 889–917.
Gupta, V., Argon, A.S., Suo, Z., 1992. Crack deﬂection at the interface between two orthotropic media. J. Appl. Mech. 59, S79–S87.
He, W., Dhaliwal, R.S., Saxena, H.S., 1992. Griﬃth crack at the interface of two orthotropic elastic layers. Engng. Fract. mech. 41, 13–25.
Hearman, R.F.S., 1961. An Introduction to Applied Anisotropic Elasticity. Oxford University Press, Oxford.
Hornbostel, C., 1991. Construction Materials: Types, Uses and Applications, Second Edition, A Willey-International Publication, John
Wiley and Sons Inc.
Kassir, M.K., Bandyopadhyay, K.K., 1983. Impact response of a cracked orthotropic medium. J. Appl. Mech. 50, 630–636.
Lowengrub, M., Sneddon, I.N., 1973. The stress ﬁeld near a Griﬃth crack at the interface of two bonded dissimilar elastic half plane. Int.
J. Engng. Sci. 11, 1025–1034.
Misra, A., Sukere, A.A., 1991. Microcrack toughening in particulate composites. Int. J. Fract. 52, R37–R44.
Mukherjee, S., Das, S., 2005. Moving interfacial Griﬃth crack between bonded dissimilar media. J. Appl. Math. 3, 289–299.
5446 S. Mukherjee, S. Das / International Journal of Solids and Structures 44 (2007) 5437–5446Norris, C.B., 1962. Strength of orthotropic materials subjected to combined stresses, Report by the Forest Products Laboratory under U.
S. Navy, Bureau of Aeronautics, pp. 1–41.
Oak Ridge National Laboratory, 1997. Reactor material years , Metal and Ceramic Division, History 1946–1996, pp. 1–154.
Ott, H.R., Rudigier, H., Fisk, Z., Smith, J.L., 1983. UBe13: an unconventional actinide superconductor. Phys. Rev. Lett. 50, 1595–1598.
Rice, J.R., Sih, G.C., 1965. Plane problems of cracks in dissimilar media. J. Appl. Mech. 32, 412–432.
Rose, L.R.F., 1986. Microcrack interaction with a mail crack. Int. J. Fract. 31, 233–242.
Roy, A., Saha, T.K., 1995. Interaction of a penny shaped crack with an elliptic crack. Int. J. Fract. 73, 51–65.
Schmiedeshoﬀ, G.M., Lacerda, A., Fisk, Z., Smith, J.L., 1996. Electrical resistivity of UBe13 in high negative ﬁelds. Phys. Rev. B54,
7401–7405.
Qu, J., Basani, J.L., 1993. Interfacial fracture mechanics for anisotropic bi-materials. Trans. ASME 60, 422–434.
Wang, S.S., Choi, I., 1983. The interface crack between dissimilar anisotropic composite materials. J. Appl. Mech. 50, 169–178.
